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Abstract. In this paper we obtain an equilibrium sequence {u> n } for which 
the following holds true: the areas (measures) of the figures corresponding 
to the positive and negative parts, respectively, of the graph of the function 
B(t), t G [utipiiin+l] are equal. 

Dedicated to the 500th anniversary of rabbi Low. 



1. The result 

1.1. Hardy proved in 1914 the following fundamental theorem: the function £ + it) 
has infinitely many real zeros (see [1]). To prove this Hardy used the following com- 
plicated formula 

(1.1) f^cosli^dt-Hr^co^ M ^ J-0 



where 



E(z) = $ Q + iz) , = "-^-n-^T (|) ^(s), s = a + it. 



Let us note that (jl.ip follows from one well-known Ramanujan's formula (see 
5j, P . 36). 

In this direction we obtain the following 
Theorem. There is an increasing sequence {un}^ =1 such that 

/>oo 

(1.2) / 3(t)dt = 0, n=l,2,..., 
and 

(1.3) UJ n +l - OJn < OJn^- 

Remark 1 . The integral (|1.2[) is to be named the minimal integral of the Riemann 
S(t)-function (comp. (|1 . 1|) V 

1.2. From (|1.2[) follows immediately 

Corollary 1. 

(1.4) / E(t)dt = - E(t)dt, n=l,2,... 
where 

[cj„,oo)+ = { t : E(t) > 0, t e [w„,oo)}, 
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Remark 2. The global law of the exact equality of the areas (measures) of the figures 
corresponding (by the usual way) to the positive and negative parts, respectively, 
of the graph of the function S(t), t G [w n , oo) is expressed by the formula (|1.4[) . 

Next, from (|1.2[) we obtain 

Corollary 2. 

(1.5) / S(t)dt = 0, n = l,2,... , 



and consequently 

(1.6) / S(t)dt = - / 5(t)dt. 

iSemarfc 3. The local law of the exact equality of the areas (measures) of the figures 
corresponding (by the usual way) to the positive and negative parts, respectively, 
of the graph of the function E(i), t G [u„,w n +i] is expressed by the formula (|1.6j) . 



3(c) = 0, c € (w n ,w n+ i) => c = 7: ( I i + 17 I = 0, 



We obtain, by making use of the mean-value theorem in the formula (|1.5|) 

,2 



i.e. we have 

Corollary 3. The following canonical property 

(1-7) {c}n = {l}n> {c}n C (u n ,W n +l)i 

holds true, i.e. the set {c}„ of the mean- value-points of the function 5(f), t G 
[w„,cj„ + i] is identical with the set of zeros {-f} n of this function (5(7) = <S=> 

C(i + n) = o). 

Remark 4. By means of (|1.4|) . (|1.6j) . (|1.7I) we have named the sequence {w„}„ as 
</ie equilibrium sequence. 

Remark 5. Let us remind explicitly that the proof of the minimal integral (II. 2[) 
is, at the same time, the new kind of the proof of the mentioned Hardy's theorem 
(comp. ([LTjn. 

Remark 6. The small improvements of the exponent | in (ll.3[) are irrelevant. In 
this direction, see our discussion connected with the I.M. Vinogradov's scepticism 
on possibilities of the method of trigonometric sums (see [4]). 

2. The main formula 
2.1. Let us remind the Riemann-Siegel formula 

(2.1) Z(t) = 2 V -^cosW)-Hnn} + 0(t- 1/4 ), as(t) = \/^-, 

z — ' Vn » 27T 

Tl<x(t) V 

(see [5], pp. 79. 221) where 

Z(t) = e "«C (I + it) , d(t) = -iflnTT + Im {lnL (- + 1- 

(2.2) \l J I 

= itm ± - it - + £>(*-), *'(*) = i m ± + o^j, r ( t) ~ i, 
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and the Gram's sequence {£„} is defined by the equation (see [5]) 
(2.3) =tw, v>v a > 1. 



2.2. Let 



$i(T)= / e- at t^Z(t)dt= lim / e~ at t l3 Z(t)dt= lim S(T,T'), 

J rp T' — ¥00 J rp T'— >00 



(2.4) Jt i--hjo Jt 
a = ~, P = ~, Z (t) = 0(t 1 /4 ); T > T > 0, 

where To is a sufficiently big. By the formula (12.1[) we have 

(2.5) S(T, T') = 25i + 2S 2 + 2S 3 + Q 



where 



(2.6) 



Si=J e- a *^cos{i?(t)}dt, Q = O^J e^t^d*) 

S 2 = V / e -0 **^ oos{i?rt) -ilnnldt, 
V n Jt 



V 2tt 



1 /" 

^3 = V —= e- at tP cos{V(t) - t\nn}dt 



by using the formula 



I Y\ = J2 I ' Tl = max{T,2™ 2 }. 



2.3. We obtain the following formula for the integral in S2 

i-T' 



F 1 

/ e _£ V cos{tf (i) - t In n}di = - e - QT T /3 cos{i?(T) — Tlnn}- 
Jt " 

J_ e -aT T /3 r^// T N _ m sin {tf( T ) _ T Inn}- 



a 



(2.7) _ W 



or 

T' 

e -<xttP{<&'(t) - Inn} 2 cos{tf(t) - thin}dt- 

T 

rp, 

e- a HP- x {-3'(t) - Inn} sin{i?(t) - tlnnjdt- 

T 

rp, 

e~ a W(i) sin{t?(t) - tlnn}dt+ 

T 

rp, 



a 2 



+ f e-ottP- 1 cos{$(t) - tkinjdt 

a z Jt 

+ <D(e- aT T li - x ) + 0(e- aT ' (T'f). 
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2.4. Since (see (gig) ) 

(2.8) {tf'(i) - Inn} 2 = {tf'(T) - ln ? i} 2 + O Ut - T) 



lnTl In a; InT 

1 ) X 1 



and 



/ e- Qt ^(i-T)dt = 



(2.9) 



T' 



■ = 0{e- aT 'T'P+ 1 } + 0{e- aT T?) + O e~ at t^ 2 dt 
0{ e ~ aT 'T' l3+1 } + 0{e' aT T fi )- /3-2<0, 



T' 



then < 1, T > e) 



(2.10) 



InT 



^ e- Q *^(t - T)dt = O (e" QT T^) + O {e^T'^ 1 } 
Hence, for the first integral on the right-hand side of (|2.7p we obtain (see 

M> ) 



(2.11) 



= {tf'(T) -\nn} 2 J e- a H? cos{tf(t) - t\nn}dt + O (e- aT TP l -^J 
+ 0{e~ aT 'T'f 3+l }. 



2.5. For all the remaining integrals we obtain by the same method the estimate 
(2.12) ©(e-^T^lnT). 

Thus, from (|2~7| by (|2~TT|) . (f^TL^j) we obtain the following formula (see S 2 in (|2~rJ)» 

e - "*^ cos{z9(i) - t In n}di = 



1 



-aT 



(2.13) al + ^{tf'(T)-lnn} 2 

1 



cos{i?(T)-Tlnn} 



-{&'{T) -lnn}sin{i?(T) -Tlnn} 
a 

+ 0{e- aT 'T^+ 1 }, 
and consequently, for the integral Si (see (|2.6p ) we have 



(2.14) 



e~ a HP cos{#(t)}dt = -- 



cos{tf(T)} 



--tf'(T) sin{i9(T)} 



T e 1 ^p\+0{e- aT 'T'P+ 1 }. 
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2.6. Since for the integral in S3 (see (|2.6p . comp. (|2.9j) ) the estimate 

e~ at t p cos{tf(t) - tlnnjdi = C( e - QTl Tf) = e>( e - 27rQ "V' 3 ) 



holds true, then 



(2.15) e al T- p Sz=0 

Putting in (|2~T5)l n = hq + k where 

T 



n a - 1 < V — < n ; -2t™5 + T < 
we continue to manipulate with this estimate by the following way 

1 ( nO + k \ 2ff r q(-2 7 r(nn + fc) 2 +T) I _ 



(2.16) 



= 

= O 
= O 



E 



f-<n +k<Wf^ 



vW+fc \n -l 



no \ 2(1 ^ ( n + k 
no - 1 / f^Vno-1 



fe=i 



, ,n 2/3 
n + K \ -2ira(k 2 +2n k) 



n J 



For the remainder Q (see (|2.6jl ) we obtain by the usual way (see (|2.9jl ) the estimate 
(2.17) Q = 0(e- QT T^"3). 

2.7. Hence, from $2J$) by l[2~6]l . (|2~7| . ([233]) - (j27T7]) we obtain the following 
Lemma 1. 

/oo 
e -a VZ(t)dt = 



(2.18) 



2 e-" 7 ^ 
2 

Q 



cos{tf(T)} tf'(T) sin{z9(T)} 



-aT 



^_xAI(l + ^K(T)-lnn}2 



cos{tf(T) -Thin} 



1 



{&'{T) - Inn} sin{i?(T) - Tlnn} 

a 

/or all sufficiently big T > and a = ? , /3 = ? . 

3. The formula for 

3.1. Since (see [5], p. 79) 



+ 0(e- QT T< 3 -3), 



S(t) 









(< 2 +i) 













1 i 
- + 1- 

4 2 



Z(f), 

2 1 / 4 V2^e-^i- 1 / 4 {l + G(t- 1 )} 
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then 
(3.1) 
Let 



f-OC 

(3.2) HT)= 3(f)dt = a$i(T) + $ 2 (T) 

where (see (|2~T8)) . ((3~T]) ) 

/■°° /7T\l/4 

$ 1 (T)= / e-^Z^dt, o = -(~) , 



(3.3) 



Since Z(t) = ©(i 1 / 4 ) then (comp. 

$ 2 (T) = 0{e- aT T p - 3/4 ), 

and consequently 

(3.4) $(T) = a$x(T) + 0( e - aT T^ 3 / 4 ). 

Hence, from fl3U) by (j2~T5| . (1531) the formula 



2a 1 



(3.5) 



2 " E 



cos{tf(T)} - -i?'(T) sin{tf(T)} 



a 



2<n<W4= 



^(1 + ^{^'(T)-Inn}2) 



cos{tf(T) -Tlnn} 



-{^?'(T) - lnn}sin{i?(T) - Tlnn} 



+ G(r -i/ 4) 



follows for all sufficiently big T > 0, and a = j, /3 = 



3.2. Since from ([33]) in the case T — > t, < € [T,T + if], if = o(T), we have 



*(*) = 



2o 



a 1 + ^ W)} 2 



cos{i?(t)} - -d'(t) sin{t?(t)} 

a 



+ 



2a 

a 



E 



( 3 - 6 ) ' a ^ + ^{^'(i) -lnn} 2N * 



cos{$(i) — i Inn} 



- — {^'(t) - lnn}sin{i?(f) - tlnn} 
a 2 



+ or 1/4 ), 
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and (see (g^g) ) 



i + Mnm 2 i + m#'( t )} 2 1 (i + M^'im 

= i + ^{^'(T)} 2 + ° (rh?r) ' 

1 _ i n( H 

1 + Jy{7?'(i) - Inn} 2 ~ 1 + ^{t?'(T) - Inn} 2 + \Tln 3 7 
tf'(t) - Inn = tf'(T) - Inn + O (J) . 

_ E v^" ^^ 71 ) 



then from (13.61) the formula 



2a 1 



*(*) = 



i + A{tf'(7)} 2 



cos{0(i)} - ~&(t) sin{tf(t)} 
a 



(3-7) +^ E ^TTTXT^nn^ eosW)-tlnn} 



, „ A(l + ^K(T)-lnn} 2 ) 



-i{??'(T) - Inn} sin{tf (i) - i In n} 
a 



oit- 1 / 4 ) 



t€[T,T + H], H = Ol , P = ' 7 



follows for 

t ^ \T T -\- H\ H = n\ , 

Jn7 y u V 2vr' 

Hence, from Q3.7P by (|2.3|) we obtain the following 

Lemma 2. 

. . 2a (-I)" 

(38) + ^ JS E,^(i + iWr,-.„ n p){<- 1, ""* 1 "" ) + 

+ i{tf'(T)-lnn}(-ir S in(f I/ lnn)} +C(r 1/4 ), 



4. Proof of the Theorem 

4.1. Since (see 0, (23)) 

E i = W 0+ o(^ 

T<t„<T+H 
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then we obtain from (|3.8[) the following equalities 

J2 = wi +w 2 + 0(HT- 1 / i \nT), 

T<t„<T+H 

(«' - SttIot + - + - + oiHT -"' ^ 

H = 0(T^ 4+S ) 
for the main sums (0 < 5 is arbitrarily small) where 



= E "T= E (-ircos(Unn), 



/ 71 

2<n<P v T<t„<T+H 



W 2 



(4.2) 



E ^ E Mrsin(Unn), 

2<n<Po T<t v <T+H 



w 3 = ^2 -7= E cos(i„lnn), 



2<n<P v T<t„<T+H 



and (see 



(4.3) 



W4 = - " shifty Inn), 

^ — ' Jn — ' 

2<n<P v T<t„<T+H 



2a 



&n ^I { tf'(T)-lnn} 2 = ^ln^+O^). 



(a„ is increasing and a„6„ is decreasing). 

4.2. Let us remind that we have proved (see [2], p. 38, (56), [3], (26)) for the sums 



Wi 



w 2 



w 3 



W4 



E 7= E (-l)"cos(t v lnn), 

E "4 E (-l)^in(^lnn), 
;n<m ^ n T<t v <T+H 

E "7= E cos(i„lnra), 
;n<m v T<t u <T+H 

— P= shifty Inn), m < Po, 



2<n<m * 71 T<t„<T+H 



where sm{t v Inn) = cos(t„ Inn — the following estimates 

(4.4) w)i,u)2 = C(T 1 / 6+e / 4 ), 
(see [3], p. 97, (2)), and 

(4.5) w 3 ,w 4 = 0(T 1 / 6 +^ i ), 

(see [3J, p. 48, (26) and p. 98, (5); A = |). Since {«„} and {o,,,^} are monotonic 



sequences and (see 

a n = 0(1), a n b n = O(\nP ) = O(lnT) 
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we obtain from (14. 2[) , using Abel's transformation and (|4.4I) . (|4. 5[) . the following 

estimates 

(4.6) w 1 ,w 2 ,w 3 ,w 4 = 0(T l / 6 +^ 2 ). 

4.3. Thus, from (|4~Tj) by (|4~6l) we obtain 

5^ *(*„) =0(T 1 / 6+£ / 2 ), 

T<t„<T+if 

V (-ir^(u) = — HlnP ° + 0(T i/6+t/2) 

T<t u <T+H a 2 <~ u \^ IS 

for # = C(T 1 /4+<5^ Since ( see 



1 + \{V'(T)¥~ ^ln 2 P , 

we obtain from (|4.7I) the following asymptotic formulae 

aa H 



7T lnP 
(4.8) T< t2 ,<T +H 

T<i 2 „+i<T+if 



Hence, it follows from (|4.8|) that there is a zero ui of the odd order of the function 
&(t), t G [T, T + 5] j i.e. by (|3.5[) . a; is the zero of the odd order of the function 



/oo 
*(r)dT. 



I would like to thank Michal Demetrian for helping me with the electronic version 
of this work. 
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